How does force propagate into granular material during impact from a high speed intruder? This occurs routinely, for example, in industrial processes or when a meteorite or other object strikes the earth. Stress propagation in a granular material is controlled by the dependence of the inter-particle force, f , on particle deformation, δ. These quantities are typically nonlinearly related: f ∝ δ α , with α > 1. This means that a macroscopic linear wave description is invalid [1, 2, 3, 4, 5] when dynamic stresses are large compared to the original confining pressure [6, 7] . In this case, the actual stress propagation speed, v f , is very sensitive to α [8, 9, 10, 6] . Here, we experimentally study how forces propagate following an impact, and we explain these observations in terms of the nonlinear grain-scale force relation. We use high-speed video of impacts into beds of photoelastic particles to determine v f and the spatial structure of the force response just after impact. We show that the spatial structure of the excited granular network and v f depend on a dimensionless parameter, M ′ = t c v 0 /d, where v 0 is the intruder speed at impact, d is the particle diameter, and t c is the collision time for a pair of grains impacting at relative speed v 0 . By measuring the nonlinear force law for our particles, finding α ≈ 1.4, we explicitly calculate t c , and hence M ′ , for each v 0 . When M ′ ≪ 1, forces propagate along linear, chain-like structures, and the mea-
, where v b is the speed of sound in the bulk material from which the particles are made. For larger M ′ , the force response has a two-dimensional character (i.e., not chain-like), and forces begin to propagate faster than v f ∝ d/t c . However, this relation is still satisfied if t c is replaced with an analogous time, which uses the force response of a strongly compressed packing of grains.
When a granular material is subjected to sudden external driving, stresses propagate away from the source along complex disordered granular networks called force chains. The complex granular structure and the inter-particle force law mean that a linear wave equation does not apply when the granular material is weakly compressed compared to the forces generated by impact [6, 7] . For instance, the stiffness, −df /dδ ∝ δ α−1 , at a contact varies with δ, the grain compression at a contact [11, 12, 13] . Since the stiffness of grain contacts approaches zero when the system is uncompressed, the linear sound speed vanishes.
A common example of this case occurs when an intruder strikes a free granular surface from above. At the surface, the confining pressure vanishes, whereas the stresses generated by the intruder can be arbitrarily large, depending on the intruder speed, size, and mass. In the present experiments, we determine the response of the granular material from the moment of impact, when stresses first propagate into the material. The experimental approach, which is described in more detail in the methods section, involves dropping massive circular intruders into vertically oriented two-dimensional granular beds of photoelastic disks [14, 15, 16] . A high-speed camera allows us to track particle-scale forces using the photoelastic response of particles (frame rates for data shown here are between 10 kHz and 40 kHz). The initial velocity is limited (v 0 ≤ 6.6 m/s) by a maximum drop height (H ≤ 2.2 m). To obtain a broad range of M ′ , we use particles made from three photoelastic materials, each with a different stiffness, but with otherwise similar properties. Note that t c , and hence M ′ , for a given v 0 are larger for softer materials. For each material type, we measure the force for single particles in separate experiments; we find f = kδ α , with α ≈ 1.4 for all the materials and particles used in the present experiments. The prefactor k depends on the properties of the grains, such as the width, diameter, and Young's modulus; see Supplementary Information (SI) for details. The fact that α > 1 is crucial, since this means that the stiffness, df /dδ, grows with compression distance and is zero when the particles are just in contact. For small M ′ , α also governs compression of collections of particles. When we compress small collections of ∼ 100 particles by an amount ∆, we find a collective force response, F ∼ ∆ α for moderate F . For sufficiently large ∆ and for the softest particles, the response varies more strongly with ∆; the force follows a different power law in ∆, and the exponent is larger than 2. We show these data in the SI. We note that M ′ can also be interpreted as the ratio of t c to the time for the intruder to move one grain diameter: d/v 0 . This is similar to a dimensionless number used by Campbell [17] in simulations of shear flows.
As an intruder strikes a granular material, it makes strong contact with a subset of grains around its perimeter, and forces propagate into the material from these contacts, as in Fig. 1 . This figure shows that the fraction of strong contacts depends on M ′ . For small to moderate M ′ , as shown in previous experiments [14, 15, 16] , forces at strong contacts are transmitted into the material by compression pulses which travel along a relatively long-lived contact network (known as force chains) in a quasione-dimensional fashion. For larger M ′ , the forces are carried on a more homogeneous twodimensional network which we consider later.
For force transmission at lower M ′ which follows along chain-like networks, we propose that the controlling time scale is t c (also similar to propagation in Newton's cradle [18] ). Along a line of grains in the quasi-linear network, we postulate that the speed for force transmission is v f ∝ d/t c . Assuming the grains are initially uncompressed or weakly compressed, this propagation is shock-like, i.e., v f is larger than the linear sound speed (which vanishes as ini-tial compression goes to zero [6, 7] ). The relation v f ∝ d/t c , reproduces the scaling found computationally by Gomez et al. [6] for piston-induced granular shocks propagating down a channel, as well as the scaling found by Nesterenko [8, 9, 10] for a soliton moving down a chain of weakly compressed particles with nonlinear interactions. We show that this simple relation is sufficient to characterize the speed of propagating forces during impacts into granular materials, without deriving and solving a nonlinear wave equation, which may require nontrivial assumptions and simplifications based on the specific geometry. For example, Gomez et al. [6] assume that kinetic and potential energies are proportional and that the wavefront has a particular shape.
In order to compare experimental data to the conjecture that v f ∝ d/t c , we consider how t c depends on key variables. This time is calculated explicitly in SI:
where C(α) depends on α but otherwise is a constant. Note that t c is much longer than the time d/v b for stresses to propagate a distance d at v b , where v b = (E * /ρ) 1/2 is a bulk sound speed. Here, E * is an effective Young's modulus [6] , measured experimentally from particle compression tests (see SI), and ρ is the bulk mass density of the particles. We then obtain
which in turn yields a scaling relation involving ratios of v f , v 0 , and v b :
We next show that the collision-time framework, with appropriate modifications for larger M ′ , captures the propagation speed of stresses in all cases for the present experiments. We begin with the case of lower M ′ , where the intuitive picture of forces propagating along linear networks is clear. To determine v f from the inpact data, we construct space-time plots, as in seen in Fig. 1 . For larger M ′ , new force networks form before old ones have disappeared, leading to denser networks as the intruder advances. Under extreme conditions, where M ′ ∼ 1, all grains near the intruder are compressed, and grain deformations can become large enough that additional contacts appear in the direction transverse to the intruder motion [3] . In this limit, the force networks are roughly two-dimensional (not chain-like). There is a clear boundary between compressed and uncompressed grains, and the front speed departs from v f ∝ d/t c based on an assumption of binary grain collisions. This departure arises from the collective stiffening of the granular material as lateral expansion of compressed grains forms new contacts. Despite the change in contact structure, we still find that v f ∝ d/t c , provided α in t c is replaced with the larger exponent, α ≈ 2.2. This exponent corresponds to the collective stiffening observed in static compression of collections of soft particles at pressures which match those during impacts (see SI). The strengthening of material at large M ′ occurs because the grains used in the present experiments deform elastically at nearly constant volume to form additional contacts. We expect this to occur when grains (with a nonzero Poisson ratio) are compressed sufficiently in one direction that they expand laterally, forming and strengthening contacts in the direction perpendicular to compression. Here, this lateral expansion is particularly important when the force structure is very dense spatially, as it is for M ′ > 0.4. As new contacts are formed and strengthened, the stiffness of the packing increases more rapidly than would occur otherwise. As shown in SI, we also measure this collective stiffening for systems of roughly 100 of the softest grains which are statically loaded to pressures corresponding to those seen for the M ′ > 0.4 case. In brittle materials, the grains would likely break for comparable strains, and different phenomena might well occur. However, we expect that the observed stiffening can occur in many common non-brittle materials, including some soils, food grains, plastics, rubber, etc. To our knowledge, this effect has not been previously documented for impacts, and it is almost never included in computational studies.
To
corresponds to when the networks of grains carrying large forces lose their chain-like form and becoming spatially dense. To characterize the spatial structure of the force response with M ′ , as seen in Fig. 1 , we define a participation ratio P as the fraction of grains exhibiting a strong force beneath the intruder after 5t c . We evaluate P in a quarter annulus extending outward from the intruder by 25d ≈ 15 cm, corresponding to the distance the front would travel in 5t c . We estimate P in this region by first determining the percentage of pixels with a brightness above a threshold value which is characteristic of a strong force response, and then dividing by a typical packing density of 0.8 (see Methods for details). At smaller M ′ , P is small, but for higher M ′ where t c in the relation v f ∝ d/t c requires α ≃ 2.2, P has grown to almost 1. This indicates that nearly all particles beneath the intruder are experiencing strong forces.
While this work focuses on the response of granular matter to impact, the principles discussed here should be applicable to a wide array of natural and industrial processes which involve Together, these plots showing that a collective stiffening is responsible for the increased front propagation, which is likely due to compressed particles forming new contacts. transient or time dependent phenomena. The key points are 1) that weakly compressed granular materials subject to large stresses require nonlinear models, and 2) that a description in terms of M ′ and a propagation speed v f ∝ d/t c provides a simple approach which captures key phenomenology.
As noted, common systems involving granular force dynamics require a nonlinear model. Examples include industrial processes for pharmaceuticals, food products, and soaps where powders or grains are subjected to compaction or stirring; astrophysical phenomena such as meteor impacts on the earth or collisions of between smaller inter-planetary objects; or even a lizard's foot striking desert sand as it runs [19] . The results presented here may also be applicable to particle-based systems which are not strictly granular. One particularly interesting example occurs when a person runs across a pool filled with a dense suspension of corn starch in water [20] . In this case, a solidification front grows and propagates through the dense suspensions after impact. For this phenomenon and others, a picture similar to the one presented here, which draws on microscopic nonlinear behavior to capture macroscopic nonlinear dynamics, may serve as a useful replacement for linear modeling. Finally, the collective stiffening which we observe for large values of M ′ suggests that grain-scale force laws which go beyond binary collisions are needed in simulations of granular materials where particle deformations become large.
Methods
The experimental apparatus is identical to that used in previous experiments [14, 15, 16] : two Plexiglas sheets (0.91 m × 1.22 m × 1.25 cm) separated by a thin gap (3.3 mm), and filled by photoelastic disks (thickness of approximately 3 mm). We use three different sets of disks, each cut from a material with different stiffness. The softest material is polyurethane sheet from Precision Urethane with a hardness rating of Shore 60A (we measure E * ≈ 3 MPa), cut into disks of 6 mm and 9 mm diameter. The second material is a stiffer polyurethane sheet (also supplied by Precision Urethane) with hardness rating Shore 80A (we measure E * ≈ 2.3 MPa), also cut into disks with diameters of 6 mm and 9 mm. The stiffest material is PSM-1, manufactured by Vishay Precision Group (we measure E * ≈ 360 MPa), cut into disks with diameters of 4.3 mm and 6 mm.
Intruders are machined from bronze sheet (bulk density of 8.91 g/cm 3 and thickness of 0.23 cm) into disks of diameters D of 6.35 cm, 12.7 cm, and 20.32 cm. We drop these intruders from a height H ≤ 2.2 m, through a shaft connected to the top of the thin gap containing the particles, producing an impact speed v 0 ≃ (2gH) 1/2 . We record results with a Photron FASTCAM SA5 at frame rates of 10,000, 25,000, and 40,000 frames per second for the soft, intermediate, and hard particles, respectively. To measure the initial intruder velocity at impact, v 0 , we locate and track the intruder with a circular Hough transform at each frame and compute the velocity with a numerical derivative. We use the intensity of the photoelastic image at each frame to compute space-time plots, as discussed in the text. We determine the velocity of propagating forces for each impact by fitting a straight line to the propagating signal observed in the initial part of the corresponding spacetime plot. We measure the front speed during the initial stages of propagation (before momentum spreading and dissipation can have a substantial effect) over a depth of approximately ten particle diameters, where the speed appears relatively constant. We estimate an approximate uncertainty in the propagation velocity for each impact to be ±5%. Reducing or augmenting v f by 5% , consistent with the experimental scatter in the data, does not strongly affect the scaling behavior. (For example, see Fig. 3 ).
The participation ratio, P , is calculated in the following way. We calculate t c for a given impact, and we examine the series of images between 4.5t c and 5.5t c . For each image, we look in a quarter annulus extending downward from the intruder by 25d ≈ 15 cm, corresponding to the distance the front would travel in 5t c . We threshold the image into bright and dark pixels, such that bright pixels are defined to be a fixed percentage greater than the background intensity (25% for hard particles, 30% for intermediate stiffness particles, and 45% for the soft particles). The threshold values are chosen such that the resulting black-and-white thresholded image appears most similar to the original photoelastic image. The value of the threshold is slightly different for each material, due to differences in photoelastic response, camera settings, and lighting conditions for each set of particles. We calculate the average density of bright pixels in the region beneath the intruder over all frames between 4.5t c and 5.5t c . This value is then divided by 0.8, which is the approximate packing density, to obtain the final value of P .
Supplementary Information
In this section, we give further details concerning both the experimental and theoretical framework presented in the main text. Section dis- Figure 4: Force versus compression for both sizes of disks from each of the three types of materials used. Shore 60A disks are red (6 mm) and purple (9 mm), Shore 80A disks are black (6 mm) and green (9 mm), and PSM-1 particles are cyan (4.3 mm) and blue (6 mm).
cusses experimental data and analysis for compression tests on photoelastic disks. This analysis plays an important role in our interpretation of the dynamical force data in the main text. Section gives a more detailed calculation of the collision time, t c , between two masses governed by the nonlinear force law which we measure for the photoelastic disks.
Force versus compression

Compression of a single particle
In order to characterize the force response of the photoelastic disks, we perform compression tests on individual disks using a micro-strain analyzer (TA Instruments RSA 3). The disk is placed upright and slowly compressed between two plates. The microstrain analyzer returns the compression force as a function of displacement. Figure 4 shows data from one such compression test for both sizes of disks from each of the three types of materials (total of six). These data appear to follow power-law curves with a similar exponent, except for a deviation at initial contact which likely arises from inhomogeneity in the particle surface for roughly the first 10 µm. The softest material used is polyurethane sheet, from Precision Urethane, with a hardness rating of Shore 60A. The red and purple data points correspond to the 6 and 9 mm disks, respectively, cut from the Shore 60A material. The black and green data points correspond to 6 and 9 mm disks, respectively, which were cut from the intermediate stiffness material, a stiffer polyurethane sheet with hardness rating Shore 80A. Finally, the cyan and blue data points correspond to 4.3 and 6 mm disks which were cut from PSM-1 photoelastic material manufactured by Vishay Precision Group, which was the stiffest material used.
Using scaling considerations, we collapse the data from Fig. 4 as closely as possible onto a single curve. The elastic modulus of the bulk material from which the particles are cut must set the overall force scale, and the rest of the details, including the exponent α, must arise from geometry of compressing a particular shape (e.g., sphere or disk). For disks (as here), the force should scale linearly with the thickness and linearly with the particle diameter when the particle is compressed some fixed proportion of its diameter. With this in mind, we assume the following form:
where f is the compression force, w is the particle thickness, d is the particle diameter, and δ is the displacement. The effective Young's modulus, E * , includes effects from the Poisson ratio and possibly other geometrical considerations [6] . Figure 5 shows both linear and logarithmic plots of the rescaled force, f /(E * dw), plotted as a function of rescaled compression, δ/d. Table 1 gives the values of E * used to obtain this collapse, as well as all other parameters, for the different materials. The collapse is not perfect: there appears to be a slight offset between small and large particles. However, the offset is approximately 10% of the ratio of compression to diameter, while the larger particles are 50% larger than the small particles, so the error is fairly small compared to the ratio between sizes.
Compression of collections of particles
In addition to compression tests on single particles, we perform tests on collections of roughly 100 particles which we arranged in a small cell (approximately square, with each side of length W ≈ 9 cm) and compressed with a piston using the same micro-strain analyzer. We show results for these tests in Fig. 6 . As with the the compression tests for single particles, there is some deviation from a power law at small compression as the piston makes initial contact with the packing. However, at pressures greater than 10 N/m, the curve roughly follows a power law of exponent α ≈ 1.4. Linear fits to the logarithmic data in this region also give α = 1.4±0.02. The curves for the hardest and intermediate stiffness mate- rial appear to follow this curve all the way to the maximum force we can measure. However, for the softest material, the curve begins to depart from the scaling at around F/W = 100 N/m. The slope of the logarithmic data appears to be increasing from α ≈ 1.4 to α > 2. A linear fit to the last 30 data points yields a slope of approximately 2.2. The physical origins of this behavior are discussed in the main text.
How do the pressures in these packing tests compare to pressures in the granular material during impact experiments? This question is of particular relevance for the softest particles, given a deviation from the power law scaling seen in Fig. 6 . To compare the magnitude of dynamic forces during impact with the static compression tests on particle packings, we plot the maximum decelerating force divided by the intruder diameter, D, felt by circular intruders during impacts into soft particles. The maximum force is calculated from the intruder deceleration, which is obtained by tracking the intruder's position and taking numerical derivatives [14] . The crossover force per width from the compression test on a packing of soft particles (Fig. 6) is approximately 100 N/m, which corresponds to impacts with initial velocity v 0 ≈ 2 m/s. This is also the same intruder velocity where the speed of force propagation begins to depart from the scaling predicted by d/t c , as discussed in the main text. Thus, the force scale where we observe crossover from α ≈ 1.4 to α ≈ 2.2 in static tests corresponds to similar pressures in dynamic impact experiments.
Calculation of the collision time
Here we provide a slightly more detailed derivation of the collision time between two particles governed by a force which varies as a power law in particle compression. Equation (4) can be rewritten as simply F = kδ α , with k = E * wd 1−α . For a one-dimensional collision where a grain with mass m and initial velocity v 0 collides with another identical grain, energy conservation in the center of mass frame yields:
Here, v ′ is the velocity of each particle in the center of mass frame, where the center of mass velocity is given by v 0 /2. By setting v ′ = 0, we can solve for the maximum compression of each particle:
Integrating Eq. (5) from δ = 0 to δ = δ max and multiplying by two yields the total time the two particles are in contact: 
